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Some remarks on analytic geometric acoustics

of the vocal tract.

- J.S.C. van Dijk -

Symbols:

p : soundpressure

density of the air

©
[ 1]

p ¢ density of the air at rest
v : velocity of an air particle in the x-direction

c : velocity of sound in air

S
L 1]

velocity potential

o : cross-section of the vocal tract
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The vocal tract can be considered as a tube with a
cross-section which is time- and place-dependent.
Figure 1 shows a part of such a tube at the moments

to and to + At. At and Ax are to be assumed infinitesimal.
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Application of F = E% (mv) on a "moving" volume part,

enclosed by the' cross-sections at x, and x  + 8x, leads,
after taking the limit At, 4x - o and some simple

approximations,to the expression:
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Considerations of continuity applied on a fixed part of

the tube, enclosed by the cross-sections at Xy and X, +

Ax, give us an equation of continuity:

(2) -P"b%(‘to-v):b_ (foo—) ‘

Using the adiabatic law:
(3) pP=c’p ,
we obtain after introducing a velocity potential:

. B }3§
(4) E(x,t) with V:-é and p= PO S_'E

from the equations (1) to {4) inclusive the following



 second order partial differential equations:
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The equations (5) and (6) give a description of the
acoustical behaviour of a tube with a cross-section

which is time- and placedependent. The validity of
the equations is restricted to the suppositions we
made to construct the equations (1) to (4) inclusive.
Some of these suppositions are: a plane wave approach
is sufficiently accurate; the changes of the tube's
cross-section are relatively small; the acceleration

dv can be replaced by the local acceleration dv; the
dt ot
relation between the pressure p and the density ¢ is

a linear one and the medium inside the tube is

rotation free.

In general, it is impossible to construct an analytical
solution of (5) and (6). There fore, a numerical
approach seems to be a necessary way to describe the
acoustical behaviour of the tube.

The special case of a tube with a cross-section independent
of time, gives to (5) and (6) the same mathematical form.
In the following, we restrict ourselves to the description
of the velocity potential. Equation (5) is reduced to
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the equation of the inhomogeneous vibrating string or the
so-called horn equation of Webster. Equation (7) offers

the possibility to describe the acoustical properties of



the vocal tract. Let 7 denote the length of the vocal
tract. Assuming that the tuke is ideally open on the
mouth-side and ideally closed on the side of the vocal

cords, then we have to solve the following problem:

In the problem stated above, all that has been done is
posing the gquestion of the quasi steady-states possible
inside the tube. Following Bernoulli, we first look for
special solutions of the type ¢{x,t)=y(x)f(t).Substitution
of such special solutions in (8) leads to:

H \
Yux + (MG‘)X S T AY = o ,with the boundary conditions

(9) ’ \ J 5
Yx(o)=90 , jkﬁ):&)
and
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(10) 1fi£ = T = O , in which ) is a still

undetermined constant.

The solution of (1@) is clearly:

I ~ o I3 . F S
.fk.f\t, =rsmclA b+ B coselA b,

F=—

The constants A and B can be determined from initial

conditions to be posited.
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Substitution of a new independent variable ? ::‘ e

and replacingkiby x, transforms (9) to:
(11) Yox t A“VQ:!::O_,the first normal form of
Liouvillile.
The boundary conditions belonging to (ll) are agaiu

homogeneous ones.

A second substitution z=Yyo transforms (9) to

(12) Zy + (A-4\XJjz=0 ,  in which

the second

\!0;1 normal form
of Liouville,

together with homogeneous boundary conditions. Under ample
mathematical conditions, it can be proved that (12)

together with homogeneous boundary conditions can have non-
vanishing solutions if and only if A belongs to an infinite
sequence X " > P \ P e
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Corresponding to each of these, there are solutions Zo0 299
Zye - ., and they-satisfy the integral relationships
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What is more, the solutions {znk form a complete system.
Because (12), together with the boundary conditions, is
equivalent to (9), the above assertion is valid to (9).
If we call the solution of (9) belonging to one An the

eigen-function Yo then we construct as a special solution
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low, the general solution tc (8) is the linear composition;
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To solve equation (9) for any given cross-section o(x), we
need numerical techniqgues. However, there are some special
cases which lead to analytical solutions. Three of them are:

g=g eM™*r the exponential horn. (9) reduces to
o

1

\
Vg ¥ Vs v rA,FE
an ordinary differential equation with constant coefficients,
which can be easily solved. Now let us assume,

N e—axz. From equation (9) we obtain
o

\
P

(13) ﬁxx"‘“ﬁxW'Ag::O'

5
Substitution of z=ax“ and A=2av in (13) leads rapidiy to the

confluent~hypergeometric equation:
£ . ! o)
) B e ) e f o H =0

Therefore, the solution of (13} can be written in terms of

confluent-hypergeometric functions.And further,that

o=ooxn, in which n is an integer. We find after substitution
in (9):

h \
(15)  Yxx + ¢ 9x + Au=o0.

Let ﬂ::fﬁgng and P::foi Equation (15) transforms to Bessel's

equation:

e ! R e
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If ";' is not an integer, then (15) has
X re

] / e n-—I

n=t [ x\ Py T
&ji'"E“ \A\k )//(XY)jj =+ as independent solutions.
However, if né}f is an integer, then (15) has besides

) —~ \ - 4 &‘J : : .

J " \.K\')\ }/( x V) } as second independent solution:?

2
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1n-1 X} ?//(ny A ) 2 4 in which Y denotes the

2 functicn of Neumann.
As an example we choose ozooxz, the conic tube, with a length
of 20 cm. For the sake of simplicity, we assume the tube to be
closed at x = 2 and open at x = 22. Then problem (8) 1is

reduced to:

X == ) Q=10 )
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Using the method of Bernoulli, we find for the placedependent

part of the special solutions ¢ (x,t)=y(x)f(}):

2 ) - :
jxx + < ,Lix i )\3 el i SN with boundary
conditions:

(17) Y, (1)::0 s 3(12)::0 .

A solution to (17) appears to be

(18) 5.: o _-i‘,“_-*_?i 4 D _e;cz.é_"_"_)i__é’ .
X ) 4




(18) must satisfy the boundary conditions at x = 2 and

x = 22, resulting in

(19) ‘.3 ’:o:)Vm)':1 = e ,L\[A' and
(200 D == ~ C kq 22 VX",

Solving (19) in a graphic manner, we obtain:

/ -
Vxl-o.143
VA2=0.288
(21) ,
vk3=0.436
VA4=O.582 . |
Using (20), we find the eigen-function 7.
’ g ‘ \
Y (x) == Cn {:‘.‘“‘_'.‘.)%_f__% — 8 L*g lﬁi)\ v______[é,f‘

Therefore, the special solutions for which we soughtare of

the type:

From this result, the general solution of the stated

example follows immediately:
oo

. ! - o B0 1 MQ
Glxst) = 2, 9.{x)palt)
et
If we wish to express fn(t) in terms of the commonly used

frequency scale, thus- _ )
S; U—) == »n Sin lll{)nb -t'_Em oo 1'1\'{;‘&,_,

the relation between a A and fn is given by (22).

;22) kﬁn == \- \“P” }



Let ¢ = 35000 cm/sec . We find from (21) and (22)

fl= 795 Hz
£2=1600 Hz
£3=2406 Hz
£4=3233 Hz

Suppose, we know the analytic solution corresponding to a
certain given vafiablé cross-section o6(x) of the tube. This
enables us to approximate the vocal tract with a chain of
tubes (see. n-tube program below) of which the cross-

sections are not necessarily a constant.

Laplace transformation gives the possibility of determining
the influence of an impulse of the vocal-cords on the eigen-
vibrations of the vocal tract. We illuétraﬁe this technique
by means of the twin-tube model with a given vocal-cord
impulse f(t). In its simplest form, the mathematical model

assumes the form below.

Tz - <
C_'J‘I
X0 X ey, x:.--.\;, (.—:. a.-rb)
0 S Btie
éxx r= j ¢ kb s O <L X
(23) .
~ {2) - {(2) ‘
= ”L. , @< X < %
X X -2 1ttt
with boundary conditions:
-, D (k| the given impulse of the
? \"Jt) = Kf(_)
X vocal-cords and

(24)
At x = a, the following

p \ P
L J Q L s O . . . , .
-3 continuity conditions
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(3 (2} V) +(2)
(25) é == % =r1 ::,P ) = K fx are in force.
o0
wsla) o 7 (0aled
Let W s e (x4 L) Al = the Laplace
o

(1) (2)

transforms of the velocity potentials ¢ and ¢ » then

(23) to (25) inclusive transforms to

(1) 5
1 .2 \31 .
Wxx — S mo0 , 0K Xx<&oa
(26) :
(& () , .
u..xxw._S"u- T O 4 CL.<XQL w

in which for the sake of simplicity another timescale is chosen,

so that ¢ = 1,

\4) g [ e\
e [ o 5 13 j === I\ \ 5)
(27)
L":) / . ’ \ = » ! B ]
Wt s 5 =l with ?(5): - j&{:) and
(2) :
WA (z; W 2
(28) i s e s ey M sz T My as the

transformation of the continuity conditions at x = a.

The solution of (26) adapted to the conditions (27) appears to
be -

U‘(i):ﬁ: *J“S,). sinhox + A cosh sx
(29) S . \
— __b \ g\nh ox — b - a n gV c och <X f

The constants A and B can be determined from the conditions
(28) . We obtain:

ﬁj’ ;: ﬂ :b a3, h h._*.Cl.«

A= o sB) TF HANEE 4 SRR aita
S q~,f77£5naq“ tind:
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As an example of an impulse of the vocal-cords, we choose

a block-~shaped time~function with a variable duration

et

Substition of f{(s) and the constants A and B into (29),

makes it possible to determine the sought for velocity
(O ony 2]

inversion formula

potentials ¢ with the aid of the complex

— (. (2) i st (ay, (2
Ci) (Xs b == —— l W (XsS) as

5
Ly o )i L
JX O )
&

Then, the vibrations caused by the impulse of the vocal-

cords are known.
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