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Some remarks on analytic geometric acoustics 

of the vocal tract. 

- J.S.C. van Dijk -

Symbols: 

I 

p soundpressure 

p 
. density of the air . 

poi density of the air at rest;_ 

v . velocity of an air partic:l:e in the . 

c I velocity of sound in air 

� . velocity potential . 

a . cross-section of the vocal tract . 

... 

x-direction 
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The vocal tract can be consid�red as a tube with a 

cross-section which is time- and place-dependent. 
Figure 1 shows a part of such a tube at the moments 
t0 and t0 + �t. At and 6x are to be assumed infinitesimal. 

-----
------......---·----
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Application of F = _£ {mv) on a "moving" volume part, dt 
enclosed by the' cross-sections at x0 and x0 + 6x, leads, 
after taking the limit 6t, �x � o and some simple 
approximations,to the expression: 

(1) - er- . .£!: == fJo .Q_. (er V ) 
"()x . at 

Considerations of continuity applied on a fixed part of 
the tube, enclosed by the cross-sections at x0 and x0 + 
�x, give us an equation of continuity: 

(2) '-' .Q_ { 0-V) = :g_ I f er-) 
- I 0 �.x \ o \:. \ 

Using the adiabatic law: 

( 3) 2. 
f==- c.. f 

we obtain after introducing a velocity potential: 

( 4) I ( x,t) with 'I= -'£1 and bx 
from the equations {l) to (4) inclusive the following 
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second order partial differential equations: 

(6) 

The equations (5) and (6) give a description of the 

acoustical behaviour of a tube with a cross-section 

which is time- and placedependent. The validity of 

the equations is restricted to the suppositions we 

made to construct the equations {l) to (4) inclusive. 

Some of these suppositions are: a plane wave approach 

is sufficiently accurate; the changes of the tube's 

cross-section are relatively small; the acceleration 

dv can be replaced by the local acceleration iv; the 
� rt 
relation between the pressure p and the density p is 

a linear one and the medium inside the tube is 

rotation free. 

In general, it is irupossible to construct an analytical 

solution of {5) and (6) . There fore, a numerical 

approach seems to be a necessary way to describe the 

acoustical behaviour of the tube. 

The special case of a tube with a cross-section independent 

of time, gives to {5) and (6) the same mathematical form. 

In the following, we restrict ourselves to the description 

of the velocity potential. Equation (5) is reduced to 

(7) 

the equation of the inhomogeneous. vibrating string or the 

so-called horn equation of Webster. Equation (7) offers 

the possibility to describ.e the acoustical properties of 
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the vocal tract. Let TI denote the length of the vocal 

tract. Assuming that the tube is ideally open on the 

mouth-side and ideally closed on the side of the vocal 

cords, then we have to solve the following problem: 

x::::: 0 

� x x -+ 
; I ' 
( !lr) c-) x 

( 8) 
�x(o,t ) =D 

I 
1: .>:. 

l 

- I 

c.2 

\ 1-� \ 11 .l 

x = Tr 

1u: 
t) � 0 

In the problem stated above, all that has been done is 

posing the question of the quasi steady-states possible 

inside the tube. Following Bernoulli, we first look for 

special solutions of the type �(x, t ) =y ( x ) f(t) .Substitution 

of such special solutions in (8) leads to: 

(9) 

and 

:ix.x + (if'\c- )x �x 1- A� =o_,with the boundary conditions 

�)((.o)=o , _:)(l'TJ=o 

') ., \ r. 
(10) 1·Lh t- c"·1, T ::::- o ,,  in which).. is a still 

undetermined constant. 

The solution of (10) is clearly: 
. .. --·-·11 � c l::- } :'.:: R .s i I'\ c. \[).. I l + =:B c.. 0 $ c. v A t . ' 

The constants A and B can be determined from initial 

conditions to be posited. 
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Substitution of a new independent variable � 
and replacing J by x, transforms (9) to: 

. 
' l ,--ix 0-1.,X I 

(11) \..I i· \ cr �1... 1 =..: o_,the first normal form of .->.XX ...J 
Liouville. 

The boundary conditions belonging to (11) are agaiu 

homogeneous ones. 

A second substitution z=yyo transforms (9) to 

in which 

the second 
normal form 
of Liouville, 

together with homogeneous boundary conditions. Under ample 

mathematical conditions, it can be proved that (12) 
together with homogeneous boundary conditions can have non­

vanishing solutions if and only if A belongs to an infinite 

sequence 
.. . .. - ... . - - -... - . -· . 

Corresponding to each of these, there are solutions z0, z1, 
z2, . . . . . .  , and they- satisfy the integral relationships 

IT 

0 
What is more, the solutions { z

n 
\ form a complete system. 

Because (12), together with the boundary conditions, is 

equivalent to (9), the above assertion is valid to {9}. 
If we call the solution of (9) belonging to one A

n 
the 

eigen-function y
n

, then we construct as a special solution 
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of ( 8 )  : 

in which 

!�ow,the general solution to (8) is the linear composition� 

OG 
I l \ 

' . -I -,. 
l x l: ) t --· � .� �rl f \.. x � J 

·- �., \ .: I 
0 

To solve equation (9) for any given cross-section a(x), we 
need numerical techniques. However, there are some special 
cases which lead to analytical solutions. Three of them are: 

o=o emx' the exponential horn. (9) reduces to 
0 

\ 
\.\ ., ..., -1· ;'YI L: -r /\ u = o _J •'• '' .JX _J 

an ordinary differential equation with constant coefficients, 
which can be easily solved. Now let us assume, 

a=a e-ax2. From equation (9) we obtain 
0 

\ (13) � xx - :2 0.. .:ix i 1\ j :;_-: 0 • 

"') 

Substitution of z=ax� and A=2a� in (13) leads rapidly to the 
confluent-hypergeo�etric equation: 

I I \ J) Cl4Y z _1:1, z. + \ -� - Z j L-1, z -t- -i". _:) = o . 

Therefore, the solution of (13) can be wrltten in terms of 
confluent-hypergeometric functions.And further,that 

n 0=00x , in which n is an integer. We find after substitution 
in ( 9) : 

(15) ..:ixx 1-� ..:ix -t-��==o 
. .. / 1.1 Let :! = �n;' and p :=X��. Equation ( 15) transforms to Bessel's 

equation: 

(16) 22. P cp -i I I 
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If !!_-::_! is not an integer, then ( 15) has '2. 

as independent solutions. 

However, if .., ; 1 is an integer, then ( 15) has besides 

J I r-:--? \/ \ t'l-1 
YI-I lx\J A ) ( x�T} -i- as second independent solution: 

'2. 

I ':It•,_-:..' ( x VJ. • ., y ( )( lf5:1r' :;_I .> in which y denotes the 
function of Neumann. 

2 As an example we choose o=o0x , the conic tube, with a length 
of 20 cm. ·For the sake of simplicity, we assume the tube to be 
closed at x = 2 and open at x = 22. Then problem (8) is 
reduced to: 

____ .--c--··--- ---· · 
--··· -- - - · -.... 

--�--- - -- ··--
x =2.. X==:.22. 

with 

� { . ,_. ) :1 \2'.2.� - ::::- 0 .  

Using the method of Bernoulli, we find for the placedependent 
part of the special solutions �(x,t)=y(x}f(�}: 

\..\ +2- Y ·r· · �L4= o ,  .JX.)( .>(. ....>X ._J 

(17) .'.j)( ( 2)=· 0 _, j ( 1'2.) = 0 

A solution to (17) appears to be 

(18) U. = r S ·,"' {">: X 
_J '- ----

)( 

with boundary 
conditions� 
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(18) must satisfy the boundary conditions at x = 2 and 
x = 22) resulting in 

(.19 ) l 5 :.: o i(}\ - -- :t.. ·� -, and 

(20) )j ·-:: - c. !:.j210--1• 

Solving (19) in a graphic manner, we obtain: 

( 21) 

y\1=0.143 

v'>-2=0.288 

y'). 3 =O • 4 3 6 

v'>.4=o. 582 

Using (20), we find the eigen-function y : n 

I . ,,.. j ..Sifl \(X;: x 
...:i Y\ , >< J :.:..:::. (._ h l -·-x-- --

Therefore, the special solutions 
the type: 

_ l.s, ,,_,_ \f>; c.o� V >.,,' X l 
for which we sought are of 

From this result, the general solution of the stated 
example follows immediately! 

C>O 

� ( x _, t: J =-=: �� � � ( x ) f V\ ( 1: J 
I . 

If we wish to express f (t) in terms of the commonly used n . 
frequency scale, thus: 

t h \ l: J .:= A I'\ .5 i h 2. TI f"' t. i- .=B t\ c.. C.5 2.11 f � \:., -' 

the relation between a >- and f is given by (22). n n 

(22) �h == ( '21i-fV\ \ 2 
\ - ·� 1 . • ) 
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�et c = 35000 cm/ . We find from (21) and (22) sec 

f l= 795 Hz 

f 2=1600 Hz 

f3=2406 Hz 

f 4=3233 Hz 

Suppose, we know the apalytic solution corresponding to a 

certain given variable cross-section o(x) of the tube. This 

enables us to app�oximate the vocal tract with a chain of 

tubes (see. ·n-tube program below) of which the ·cross­

sections are not necessarily a constant. 

Laplace transformation gives the possibility of determining 

the influence of an impuls·e of the vocal-c9rds on the eigen­

vibrations of the vocal trac·t: We illustra te this technique 

by means of the twin-tube model with a given vocal-cord 

impulse f (t). In its simples� form, the mathematical model 

assumes the form below. 

X::::o 

-- lr) l q, x )( 
-- ----

(....-i. 
(23) - (2j 

1 - l xx - c.2 

with boundary conditions: 

- (I) ( \ fx o _, l: J 
(24) 

I ('J 
� t 't. � 

- (2J 
� !: t J 

o .  

o� X �CL 

a...< x<:.� 

the given impulse of the 

vocal-cords and 

At x = a, the following 

continuity conditions 



(II, (2) 
Let U.. 
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� 

I - <.; t - ( 1) _, ( '.l ) ' 
e. 1 (x.;l)dl: 

0 

are in force. 

. .:1 the Laplace 

transforms of the velocity potentials �(l) and �<2>, then 
(23) to (25) inclusive transforms to 

(1) 2. ( :1} < x <'.'."... 0.... l.l....x x 
s u.. ::::.. 0 

-' 
0 

(26) 
(2..) 

.;:, '2. 
\2) 

LI....<.. x <� LI... x }( - u... :=a � J 
in which for the sake· o.� simplicity another timescale is chosen, 
so that c = l, 

(27} 

(�' l,L. .J I 0 \. I.. 

( 28} 
(1) 

\..C -

l 

-

S) --·· p ( 5) 
- --· \ 
s \ ) 0 

. .  

-

with f(s):::: 
l2J t:.·;·�: CL;.: (1� l2.) 

CJ;_ U.-;.._ lL 
.) 

h l tu) I 
as the 

transformation of the continuity conditions at x = a. 

The solution of (26) adapted to the conditions (27) appears to 
be - . 

u... (.1):::::: __ t �:.>-. s ii'\ h sx + A <-c.sh s x 
5 

lL, (1J == � ( S, iA h SX - l_g ll 5 � C.o.Sh SX ) 
The constants A and B can be determined from the conditions 

(29) 

(28) . We obtain: 

A = 

B = 

-
, I ' '. 

+ ·- .} .+ - -

and 

and 
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As an example of an impulse of the vocal-cords, we choose 

a block-shaped time-function with a variable duration 

D E. 

then f ls) 

() I · I r-. f � \ � ( \: - c-) r \.CJ= 1.Y\�.1 - '" c j 

-· tS 
-- (!_ 

s 

Substition of f(s) and the constants A and B into (29), 
makes it possible to determine the sought for velocity 

potentials �(l) and �(i) with the aid of the complex 

inversion formula 

J ' �,l \.:i. 
1__ u_,. 

( - ... """"' 

( 2-,. 
·' x. s l "'� " � -" 

Then, the vibrations caused by the impulse of the vocal-

cords are known. 
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